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Abstract—In this paper, we consider single-link mmWave
transmission. We investigate the usual hybrid beamforming ar-
chitecture under an additional constraint on the analog precoding
stage. Namely, for practical reasons only partial interconnection
between the antennas and the RF chains is allowed. We present a
novel upper bound for spectral efficiency under this architecture
constraint. We evaluate the tightness of the bound by comparing
it to the rate achievable with a proposed practical scheme. Finally,
we compare the bound with the channel capacity.

I. INTRODUCTION

In recent years, millimeter wave (mmWave) transmission
has drawn significant attention as a potential enabler for the
fifth generation (5G) cellular networks [1]. This is due to large
portions of underutilized spectrum available in those frequency
bands. In order to combat the large path loss affecting propa-
gation at mmWave frequencies, large-scale antenna arrays on
both sides of the link have to be considered.

Introducing a separate RF chain (including, e.g.,
an up(down)converter and high-resolution analog-to-
digital/digital-to-analog converters) for each antenna is
infeasible mainly for power consumption reasons. The
literature proposes two main directions that aim on decreasing
the power consumption of a massive-antenna device without
reducing the antenna gain. One idea is to reduce the resolution
of the analog-to-digital converters (ADC’s), ultimately even
up to 1 bit [2]. In many scenarios, such an approach can
guarantee good performance in low and medium SNR range.
The second line of research proposes to introduce an analog
processing stage between the antennas and the RF chains.
The analog stage is a network of phase shifters, combiners
and splitters that, at the receiver, reduces the dimension of
the received signal to the number of available RF chains. The
operation at the transmitter is reverse. In the baseband, full
digital processing is available. In the literature, such system
is often labeled as hybrid digital-analog beamforming [3]–[5].

In recent works [6]–[9] it has been questioned, whether the
usual assumption of full interconnection between the antennas
and the RF chains (fully interconnected hybrid beamforming
(FI-HBF) architecture) is realizable in practice. For example,
the analog stage of a hybrid transmitter consisting of 128
antennas and 8 RF chains would require 1024 phase shifters,
128 8-way adders and 8 128-way splitters. The design of such

a complex circuit operating reliably on mmWave frequencies
is an extreme hardware challenge.

An alternative is the partially interconnected (PI-HBF)
architecture. It assumes the connection of each antenna only
to a subset of all available RF chains. In this paper, we focus
on the subarray-partially interconnected (SPI) case, when
different sets of antennas (subarrays) are connected to disjoint
sets of RF chains. The motivation for considering this structure
is twofold. First, it offers a substantial simplification to the
analog circuit. To see this, let’s consider the same setup as
previously but with 4 subarrays each connected to 2 RF chains.
In the SPI-HBF architecture, this requires only 256 phase
shifters, 128 2-way adders and 8 16-way splitters. Moreover,
such architecture covers also a setup with physically separated
subarrays, when full interconnection is not possible.

Our contribution to the existing literature (i.a., [6]–[9]) on
SPI-HBF can be summarized as follows:
• Fundamental upper bound for the rate is derived. It is

based on an analogy with a multiuser scenario and holds
for uniform power allocation.

• We propose a practical linear precoding algorithm per-
forming close to the theoretical limit.

• We adopt a passive analog domain network and define
the power constraint accordingly.

• The results do not restrict to 1 RF chain per subarray.

A. Notation

We use lower case boldface characters to denote vectors
and capital boldface characters to denote matrices. We denote
N×N identity matrix with IN . (·)T and (·)H denote transpose
and conjugate transpose. We use ‖·‖F for the Frobenius norm.
A submatrix including all rows and a subset of columns is
denoted with [·](:,a:b). The expected value of a random variable
is denoted with E[·] and b ∼ NC(a,A) means that the random
variable b follows a circular complex Gaussian distribution
with mean a and covariance matrix A. b ∼ U [a1, a2] means
that random variable b follows the uniform distribution within
[a1, a2].

II. SYSTEM MODEL

We consider a multiple-input-multiple-output (MIMO)
point-to-point setup with the transmitter (TX) and receiver
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Fig. 1. Comparison of the (a) fully and (b) partially interconnected hybrid
transmitter structure. The structure of the receiver is similar, with exchanged
combiners ⊕ and signal splitters •.

(RX) equipped with N ant
TX and N ant

RX antennas, respectively. The
frontends of both the TX and RX have hybrid beamforming
structure with NRF

TX and NRF
RX RF chains, respectively. We allow

for partial interconnection within the analog stage. We divide
the antenna arrays into NTX,SA and NRX,SA subarrays at the
TX and RX, respectively, and assign to them disjoint subsets
of all the available RF chains.

The signal recovered after processing reads as

ŷ = GH
DG

H
AHPAPDs+GH

DG
H
Aη (1)

where GD ∈ CNRF
RX×NRF and PD ∈ CNRF

TX×NRF are the
digital combining and precoding matrices, respectively, s ∼
NC(0, INRF) is the input signal, NRF = min(NRF

RX, N
RF
TX)1, and

η ∼ NC(0,Rη) is the Gaussian noise at the receiver’s input.
GA and PA are the analog combining and precoding matrices,
respectively. Their structure is constrained as follows

|[PA]i,j | =

 ξ
(k)
A,TX

iff the ith antenna and jth RF chain
belong to kth transmit subarray,

0 otherwise,

|[GA]i,j | =

 ξ
(k)
A,RX

iff the ith antenna and jth RF chain
belong to kth receive subarray,

0 otherwise.
(2)

The fixed-magnitude constraint within each subarray reflects
the operation of the phase shifter. We shall see later in (3) that
the dimensions of the subarray affect this value.

We denote feasible sets, which account for those restrictions
as PA and GA. Moreover, we assume (w.l.o.g) that the anten-
nas belonging to the same subarray have subsequent indices.
Consequently, the analog precoding/combining matrices PA
and GA are of block-diagonal structure. For example, the

1In the entire paper, we use NRF to denote the number of streams. It is in
order to stress that we assume maximal number of streams, which is limited
by the number of RF chains.

precoding matrix for the SPI-HBF transmitter presented in
Fig. 1b reads

P SPI-HBF
A =

[
P 0
0T p

]
, where P ∈ C2×2, |[P ](i,j)| = ξ

(1)
A,TX

p ∈ C, |p| = ξ
(2)
A,TX.

In this study, we restrict to passive components in the analog
stage. We write therefore (omitting the TX and RX subscripts)

ξ
(k)
A =

(
NRF,k

SA N ant,k
SA

)−1/2
(3)

where N ant,k
SA is the number of antennas at the subarray with

index k and NRF,k
SA reflects the number of RF chains assigned

to this subarray. The value can be verified by analyzing the
scattering matrices of the power splitters/combiners [10].

Most works on hybrid beamforming architecture (cf. [3],
[11]) set the power constraint on the compound analog-digital
precoding. In our work, we set the power constraint at the
power amplifiers right after the digital precoding stage. We
argue that in our model the analog phase shifter network
includes exclusively passive elements. Moreover, in our work
we restrict to uniform power allocation among the streams, and
consequently ‖[PD](:,k)‖22 = PTX

NRF
, ∀k ∈ {1, . . . , NRF}. This

assumption fits well for limited feedback system architecture
[12] or high SNR scenarios. Moreover, in [13] it has been
shown that the digital precoder converges to a scaled unitary
matrix in systems with hybrid precoding and large number of
antennas.

We denote the power budget available at the transmitter with
PTX and the emitted power with P e

TX. Due to the properties of
the signal vector s we relate this powers with the precoding
matrices as follows

‖PD‖2F ≤ PTX, P e
TX = ‖PAPD‖2F. (4)

A. Channel Model
In this paper, we assume a geometric narrowband channel

model as, e.g., in [3], which reads as

H =

√
N ant

RXN
ant
TX∑Ncl

l=1N
l
path

Ncl∑
l=1

N l
path∑

r=1

αr,laRX(θRX
r,l )a

H
TX(θTX

r,l ). (5)

where Ncl is the number of clusters, N l
path is the number

of paths in the l-th cluster, αr,l is the path gain, θRX
r,l and

θTX
r,l are the angles of arrival (AoA) and departure (AoD),

respectively. The vectors aRX ∈ CN ant
RX and aTX ∈ CN ant

TX are
compound antenna array response vectors for the receiver
and the transmitter, respectively which contain concatenated
array response vectors of all the subarrays. We assume that
the subarrays together form a uniform linear array (ULA)
with half-wavelength antenna spacing and therefore the array
response vectors have the form

aULA(θ) =
1

Nant

[
1, ejπ sin(θ), . . . , ej(Nant−1)π sin(θ)

]
. (6)

We assume perfect knowledge of the channel matrix at both
the RX and TX, leaving the analysis for imperfect/estimated
channel for further work.



III. BOUNDS ON THE ACHIEVABLE RATE

A. The Capacity Constrained by the Number of RF chains

The achievable rate for any hybrid transceiver setup can be
upper-bounded by providing the TX and RX with full pro-
cessing capabilities (among others, optimal power allocation)
and leaving only the limitation of the number of RF chains.
The capacity constrained by such a limitation reads [14]

CFD = log2 det
(
IN ant

RX
+R−1η HV ΦV HHH

)
(7)

where V ∈ CN ant
TX×NRF contains eigenvectors of HHR−1η H

corresponding to the NRF largest eigenvalues and Φ ∈
R++

NRF×NRF is a diagonal matrix with entries corresponding
to optimal power allocation along the streams and tr(Φ) =
P e

TX.
We observe that for any applied analog precod-

ing/combining and uniform power allocation, the digital
precoding matrix PD that maximizes the capacity is a scaled
unitary matrix PDPH

D = PTX
NRF

TX
INRF

TX
. It stems from the SVD

decomposition of the effective channel, which includes the
analog processing stages. Then, P e

TX is expressed in a closed
form and reads

P e
TX = E

[
‖PAPDs‖22

]
=
PTX

NRF
TX

tr(PH
APA) =

=
PTX

NRF
TX

NTX,SA∑
k=1

ξ
(k)
A,TX

2
N ant,k

TX,SAN
RF,k
TX,SA =

PTX

NRF
TX
NTX,SA ≤ PTX

(8)

We note that the power constraint is dependent on the subarray
configuration at the TX.

B. Novel Achievable Rate Bound

As mentioned in the previous subsection, maximizing the
rate of the link requires a scaled unitary digital precoding
matrix. Consequently, the optimal digital precoder only scales
the covariance matrix of the input data and therefore can be
discarded in the analysis. We further consider the following
link

y = HPAs
′ + η (9)

where s′ = PDs. The matrix PA is block-diagonal with
blocks P 1

A, . . . ,P
NTX,SA
A of dimensions P k

A ∈ CN
ant,k
TX,SA×N

RF,k
TX,SA .

This structure of the precoding matrix allows for building an
analogy to the multiple access channel (MAC) setup. To make
this clearer, we rewrite (9) as follows

y =

NTX,SA∑
k=1

HkP
k
As
′
k + η (10)

where Hk ∈ CN
ant
RX×N

ant,k
TX,SA , H =

[
H1, . . . ,HNTX,SA

]
and s′k ∈

CN
RF,k
TX,SA , s′ = [s′T1 , . . . s′TNTX,SA

]T.
The rate of this link is upper bounded by assuming perfect

(nearest neighbor) reception. In such case, the rate is equal to
the sum rate of the MAC setup with subarrays acting as users.
We further note that joint coding among the subarrays could

Algorithm 1 Precoder-based iterative waterfilling with indi-
vidual power constraints

Require: Hk, Rη, P
k
TX

1: P k
A ← [I](:,1:NTX,SA), Qk ← P k

AP
k
A

H ∀k
2: Σ← Rη + PTX

NRF
TX

∑NTX,SA
k HkQkH

H
k

3: repeat
4: for k = 1, . . . , NTX,SA do

Update noise+interference cov. matrix at kth SA
5: Nk = Σ−HkQkH

H
k

Eigenvalue decomposition of the effective channel
6: HH

k N
−1
k Hk = WkΛkW

H
k

Waterfilling (µk - water level)
7: Φk = max(µkI −Λ−1k ,0) s.t. tr(Φk) = P kTX

Update precoders and TX/RX covariance matrices
8: P k

A = Wk[Φk](:,1:NRF,k
TX,SA), Qk = P k

AP
k
A

H

9: Σ = Nk + PTX
NRF

TX

∑NTX,SA
k HkQkH

H
k

10: until convergence
11: return P k

A ∀k ∈ {1, . . . , NTX,SA}

not improve the rate. Although joint coding can expand the
MAC rate region, it does not affect the sum rate [15].

The MAC sum rate written as a function of the precoding
matrices P k

A reads

R
(
P 1
A, . . . ,P

NTX,SA
A

)
= − log2 det(Rη)+

log2 det

(
Rη +

PTX

NRF
TX

NTX,SA∑
k=1

HkP
k
AP

k,H
A HH

k

)
(11)

We further relax the constant-magnitude constraint
|[P k

A](i,j)| = ξ
(k)
A,TX to a per subarray power constraint which

reads tr(P k
AP

k
A

H
) ≤ P kTX where P kTX = ξ

(k)
A,TX

2
N ant,k

TX,SAN
RF,k
TX,SA,

and write the MAC sum-rate maximization problem as

CMAC
subarr = max

P 1
A,...,P

NTX,SA
A

R(P 1
A, . . . ,P

NTX,SA
A )

s.t. tr(P k
AP

k
A

H
) ≤ P kTX ∀k. (12)

The classical work on iterative waterfilling involves optimiza-
tion of the MAC sum rate with respect to the covariance ma-
trices [16], [17]. In [18], a precoder-based solution involving
the sum power constraint has been presented. Inspired by it,
we present in Algorithm 1 a simple extension to the classical
iterative waterfilling algorithm, such that it iteratively updates
the precoders and therefore is perfectly suited to solve (12).

IV. PRACTICAL PRECODING SCHEME

In this section, we design a precoding/combining strategy
for the SPI-HBF architecture. To this end, we present a way
to extend the existing algorithms for FI-HBF, which base on
decomposing the optimal unconstrained precoding/combining



Algorithm 2 BCD-based solution to (14)

Require: P k,?

1: P k
A ∈ CN

ant,
TX,SA×N

RF,
TX,SA ← Arbitrary

2: repeat
3: P k

D ←
(
P k
A

H
P k
A

)−1
P k
A

H
P k,?

projection into PA: [ΠPA [A]](i,j) =
[A](i,j)
|[A](i,j)|

ξ
(k)
A,TX

4: P k
A ← ΠPA

[
P k,?P k

D

H
(
P k
DP

k
D

H
)]

5: until convergence
6: return P k

A,P
k
D

matrices into a product of the analog and digital precod-
ing/combining matrices. Below we describe the procedure for
the TX, as it differs to the RX decomposition only w.r.t. the
power constraint [4].

Like in [3], [4], [11] we aim on minimizing the Frobenius
norm of the decomposition error, namely

(P ?
A,P

?
D) = arg min

PA,PD

‖P ? − PAPD‖F

s. t. ‖PD‖2F ≤ PTX, PA ∈ PA (13)

where P ? = [V ](:,1:NRF) is the optimal unconstrained pre-
coding matrix. The matrix [V ](:,1:NRF) contains eigenvectors
corresponding to the NRF largest eigenvalues of HHR−1η H .

Next, we exploit the block-diagonal structure of PA and
write (13) equivalently as

(P ?
A,P

?
D) = arg min

PA,PD

NTX,SA∑
k=1

‖P k,? − P k
AP

k
D‖F

s. t. ‖PD‖2F ≤ PTX, |[P k
A]i,j | = ξkA ∀i,j (14)

where P k
A are the diagonal blocks of PA and

PD =
[
P 1
D

T
, . . . ,P

NTX,SA
D

T
]T

with P k
D ∈ CN

RF,k
TX,SA×NRF .

and the matrix P ?
D is defined analogously.

The optimization variables in the individual terms of the
objective function in (14) can be solved independently by
means of, e.g., the sparse recovery orthogonal matching pur-
suit OMP algorithm or the modified block coordinate descent
(BCD) method [3], [4], [8]. We present the BCD solution in
Algorithm 2.

In order to account for the uniform power allocation which
is assumed, we perform an additional step at the end. We
design the precoding/combining matrices of the digital stages
based on the effective channel matrix Heff = GH

AHPA. They
read

P ?
D = [Veff](:,1:NRF), G?

D = P ?,H
D HH

effR
−1
η (15)

where [Veff](:,1:NRF) are the eigenvectors corresponding to the
NRF largest eigenvalues of HH

effR
−1
η Heff. The rate achievable

with this scheme reads

Rdecomp = log2 det
(
IN ant

RX
+RA

η

−1
HeffH

H
eff

)
(16)

with RA
η = G?

A
HRηG

?
A and Heff = G?

D
HG?

A
HHP ?

AP
?
D.
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V. NUMERICAL RESULTS

In the simulations, we compare the novel bound with the
constrained capacity CFD. Also, we evaluate the tightness of
the bound by comparing it with the rate achievable with the
practical scheme proposed in Section IV.

We assume Ncl = 3 clusters with N l
path = 10 paths each.

The central cluster angles drawn at random from the uniform
distribution U [0, 2π]. The angles of arrival/departures within
the cluster are drawn at random from a Laplacian distribu-
tion with variance of 8◦ around the central cluster angle.
The path gains follow normal complex Gaussian distribution
αr,l ∼ NC(0, 1).

The TX and RX are equipped wit N ant
TX = 64 and N ant

RX = 16
antennas, respectively. Both the TX and RX have NRF = 8 RF
chains unless stated differently. The antennas and RF chains
are equally distributed among the subarrays.

The first set of results depicted in Fig. 2 compares CMAC
subarr

with the constrained capacity CFD. We observe that the bounds
are equal for FI-HBF and the CMAC

subarr is tighter than CFD as the
number of subarrays at the transmitter rises. This is expected
as the bound is designed such that it takes into account the
SPI-HBF structure.

In Fig. 3 we investigate the relation of the achievable
rate Rdecomp and CMAC

subarr. We observe that the bound is tight
especially for many subarrays at the TX. Moreover we see
that for the setup considered, the number of subarrays at the
RX has minimal influence on the performance.

A different angle on investigation of the bound tightness is
provided in Fig. 4. There, we observe the separation between
CMAC

subarr and Rdecomp at SNR = 0 dB for different numbers of
RF chains available. We conclude two dependencies from the
plot. First, if more RF chains are available, the impact of the
subarray structure at the RX is lower. Second is consistent with
the observations based on Fig. 3. Namely, the bound becomes
tighter as the number of subarrays at the TX increases.
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VI. CONCLUSIONS

In the paper, a novel upper bound for the rate achievable
with SPI-HBF transceiver structure has been presented. The
bound appears to be very tight if many subarrays are present
at the transmitter. Moreover, we showed that the definition
of the power constraint can have significant influence on the
transceiver design. For the approach that we followed, i.e.,
assuming a power constraint after the digital precoding and
allocating equal power to the streams, less subarrays at the
TX result in decreased mean emitted power. Consequently,
the FI-HBF does not necessarily provide the best performance
and implementing SPI-HBF can be advantageous.

We also stress the application of the multiuser perspective,
where the subarrays are acting as users. The results encourage
to consider this perspective in further work on SPI-HBF.
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